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GEOMETRIC PROPERTIES OF THE JACOBIANS OF A CERTAIN SYSTEM 

OF FUNCTIONS.* 

Bt Arnold Emch. 

1. In the proofs of the existence theorem for implicit functions of 
several variables the assumption is made that the corresponding Jacobian 
does not vanish for any point within the interval for which the functions 
are defined.f Also in the general theory of analysis situs as developed so far,t 
the cases in which the Jacobians vanish simultaneously with the corre- 
spondiag functions are excluded. 

It may be expected that the vanishing of a Jacobian and its functions 
for certain values of the variables signifies a particular property of these 
functions which deserves to be investigated. § 

It is the purpose of this paper to show the importance of such cases by 
studying the geometric properties of a certain system of functions and their 
Jacobians. 

2. Let 

(1) X = <l>{t), y = ^(0 

be two real, distinct, uniform, continuous and singly periodic functions of 
the real parameter t and with the same period w. As is well known, in a 
Cartesian plane (1) represents a closed Jordan curve.\\ 

We assume furthermore that <t>'{t) and ^'(0 are also continuous within 
the period-interval and do not vanish simultaneously for any value of t. 
In other words, the curve as represented by (1) is analytic throughout 
and its only singular points, if there are any, are multiple points. 

3. If 2i, 22, 23, 24 designate four independent variables, consider now the 
three functions 

'FiiZi, 22, ZZ, 24) = «/)(2i) - <f>iZ2) + 4>iZz) - 4>(Z4), 

Fi{zu 22, 23, 24) = ^(zi) - yp{zi) + ^{zz) - 1^(24), 

^3(21, 22, 23, 24) = [(^(21) - <^(23)][<^(22) - ^(24)] 

+ {^{zx) - ^{zzWiz,) - yPiz,)]. 



(2) 



* Read before the American Mathematical Society in Chicago, Dec. 26, 1913. 

t Genocchi-Peano, Differentiah-echnung (1899), pp. 147-152; Bliss, " A new proof of the 
existence theorem of implicit functions," Bulletin of the Am. Math. Soc, vol. X\1II, pp. 175-179 
(1912). 

% Poincar6: " Analysis situs," Journal de I'Ecole Polyt^chnique, 2nd ser., vol. 1, pp. 1-121. 

§ Clements, " ImpUcit functions defined by equations with vanishing Jacobian," Bulletin of 
the Am. Math. Soc, vol. XVIII, pp. 451-456 (1912). 

ll"08good, Lehrbuch der Funktionentheorie," vol. 1, 2nd ed., pp. 146-150 (1913). 
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They are evidently uniform, continuous, analytic and co-periodic for all 
values of the variables. To any four values Zi < Z2 < Zs < Zt within a 
period-interval correspond on the curve (1) the vertices of an inscribed 
quadrangle AiA^AzA^ which follow each other in the same order as the 
entire curve is described in the same sense. If for any set of values of the 
z's Fi = 0, F2 = 0, Fi = 0, then the quadrangle will be a rhomb. As 
will be proved elsewhere, there are always an infinite number of rhombs 
inscribable in the given curve. For any given direction and the corre- 
sponding orthogonal direction there is at least one rhomb inscribable and 
with its diagonals parallel to the pair of orthogonal directions. There is 
always a continuous curve between the points of tangency of the two extreme 
tangents to the curve parallel to the given direction and which is the locus 
of mid-points of a continuous system of chords parallel to the same direc- 
tion. I shall call such a curve a median M^ of the given closed curve 
C (1), with respect to the direction r. If C1C2 is one of the chords of the system 
cutting M^ in M, then the tangents to C at Ci and d and to M^ at M are 
concurrent. 

With every pair r, <r of orthogonal directions are associated two medians 
M^ and ilf , which always intersect in at least one point. The points of 
intersection of M^ and M„ are evidently the centers of inscribed rhombs 
with diagonals parallel to r and <t. When Mr and M„ touch each other at 
some point R, then the tangents to C at Ai and Az intersect in a point Ti and 
those at A2, At in a point T2 so that Ti, R, T2 are oollinear. 

4. In the system of simultaneous equations 

(3) Fi = 0, F2 = 0, Fz = 0, 

consider any one of the four variables, for instance Zi as iadependent. 
According to the theorem on implicit functions,* in the neighborhood of 
any set Zi, Zi, 23, 24 satisfying (3) and for which the Jacobian 



(4) 



djF,, F2, Fz) 
d(xi, Xi, Xz) 

<t>'{Zl) - 0'(22) 4>'(Z3) 

^p'izo - riz2) ^'(23) 

f <t>'izO[<t>iZ2)-<l>{z,)] If <i>'{Z2)[<l>izO-<l>(Zz)] ] {-<(>' (Zz)[<t>(Z2)-<t>(.Zi)]\ 

does not vanish, it is possible to represent Zi, 22, 23 as uniform, continuous 
and analytic functions of 24. 

* Bliss, loc. cit. 



138 



ARNOLD EMCH. 



Equations (3) and (4) vanish simultaneously only for a finite number of 
sets 2i, 22, 83, Zi', hence for any domain of four space Zi, Zi, Zz, Zi within which 



and 



F^ = 0, Fa = 0, 



F, = 0, 
+ 0, 



3(Xi, X2, Xs) 

the 2.'s (i = 1, 2, 3, 4) form a continuous set. Geometrically to such a 
domain corresponds a continuous set of inscribed rhombs. 

5. I shall now investigate the case in which the Jacobian (4) vanishes 
simultaneously with (3). Without loss of generality it may be assumed that 
the axes of the rhomb in this case coincide with the coordinate axes, so that 
Ai{zi), Aiizz) are on the x- and ^2(22), .^4(24) on the y-axis. Designating 
the coordinates of Ai, At, A3, A 4 respectively by (a, 0); (0, b); (— a, 0); 
(0, — 6), the condition that (4) vanishes becomes 

4>\zi) - <t>'izi) <j>'{zz) 

(5) ^'(21) -^'(22) ^'(23) =0. 

2&^'(2i) 2a^'(22) -2&^'(23) 

Assuming <^'(2,) =#0 (i = 1, 2, 3) which, by choosing the x- and y-axis 
properly, does not imply a special case; dividing the first, second and third 
column by<^'(2i), <^'(22), ^'(23) respectively, and designating the slopes of 
the tangents to C at Ai, Aj, A3 by Wi, rrit, mz, (5) reduces to 

1-1 1 



(6) 



<l>'{Zi)<l>'{Z2)<t>'iZz) 



= 0, 



mi — irii mz 

hrrii a — bniz 

or explicitly, if <t>'izi) 4= 0, .^'(22) + 0, ^'(23) 4= 0, to 

(7) o(toi — mz) + b(mim2 — 2mimz + m2mz) = 0. 

6. To find a geometric interpretation for this equation, consider the 
corresponding rhomb Ai, A 2, A3, A 4 and apply first the dilatation 



(8) 



x' = (1 + ei)x 

y' = (1 + e2)(y + b)-b, 



(9) 



and second the rotation 

x" = x' cos e - {y' + b) sin 6 

y" = x' sin e + (y' + b) cos 6 

with A 4 as a center, Fig. 1. The lines x = and y = — 6 are invariant 
in the dilatation. After this dilatation and rotation the coordinates of the 
rhomb in the new position are for 
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r (1 + ei)a cos d — (1 + e^h sin B, 

\ (1 + ei)a sin 5 + (1 + e^^h cos d — h, 

J - (1 + 62)26 sin B, 

\{l+ e^flh cos B — h, 

r — (1 + ei)a cos tf — (1 + 62)6 sin B, 

[ — (1 + ei)a sin + (1 + e2)& cos 9 — 6, 
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Fig. 1. 

referred to the original xy-plane. The slopes /xi, /xj, jua of the lines AxA\', 
AiAi", AiAi" are 

_ (1 + ei)a sin g + (1 + <?2)6 cos g - 6 
''^ ~ (1 + ei)o cos » - (1 + 62)6 sin e - o ' 

(1 + 62)6 cos B — h 



Ui = 



Ms = 



(1 + 62)6 sin B ' 
- (1 + ei)a sin 9 + (1 + 62)6 cos B — b 



(1 -j- ei)a cos B — (1 + 62)6 sin + o * 
Substituting these values in the reduced Jacobian expression (7) 
(10) Ji = aim — Ms) + 6(miM2 — 2miM3 + M2M3), 

after some reductions, we get 

201^62(62 - ei) J2 + ei + 62 - cos^r- 1 1 



(11) J. = 



(1 + 62) 



6^(1 + e^y 



sin' 



cos B 



^1 +».'['- 



cos B + 2ei cos B 



+ 



1 — cos B 



cos^B 



]] 
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Considering ei and d as infinitesimals of the first order and 62 = aei 
(a any finite integer), the Umits of eiCj/cos ^ — 1, sin'' 5/cos ^ — 1, 
ei^ cos^ ^/cos e — 1, for ei = 0, 6 = are finite. According to (6) when 
none of the derivatives <l>'(zi), (i = 1, 2, 3) vanish, J4 is always finite and 
clearly 

(12) lim (J4) = 0. 

e^O, ei^O, ei^O 

The denominator of (11) vanishes when any of the derivatives <t>'{zd, 
(i = 1, 2, 3) vanish; but in such a case the corresponding derivative may be 
cancelled from the Jacobian (6), so that on account of (12) the Jacobian (6) 
always vanishes in case of a combined infinitesimal dilatation and rotation 
as defined (8) and (9). This is still true in case of either a pure dilatation, 
or a pure rotation. Conversely, it can be shown without difficulty that 
it is always possible to determine a dilatation (8) and a rotation (9) in 
such a manner, that any values of mi, rrii, niz, satisfying (6) will be the 
slopes of the directions of the displacements of A 1, A 2 and A3. 

The condition that three tangents to C at A 1; As, A 3 with the slopes 
mi, mi, mz are concurrent is 

(13) aimimz — 2mimi + mim^ + 5(mi — ma) = 0. 

As a and 6 are positive, the two parentheses in (13) are of opposite sign. 
Adding the condition Ji = 0, i. e. 

(14) a(mi — mz) + b(mim2 — 2mimz + m^mz) = 0, 
(13) and (14) can exist simultaneously only when 

(15) {mimi — 2mimz + m^m^'^ — (mi — mzY = 0. 

But for a + 6, \mi — mz\ + \m1m2 — 2mimz + m^mz], hence in this case 

(13) and (14) cannot exist together. When a = b, then when (13) is true, 

(14) is true also. Hence 

Theorem I. When the Jacobian J^ {and no others) vanishes for an 
inscribed rhomb A1A2A3A4, then the tangents to C at Ai, A2, Az are con- 
current only when A1A2A3A4 is a square. 

Within the restrictions of this theorem and in all cases where not all 
four tangents at Ai, A2, A3, A4 are concurrent, the medians M^ and ilf, 
associated with the directions of A1A3 and A2A4 intersect each other singly 
in the center R of the rhomb (square). In a continuous change of the pair 
of orthogonal directions (t, <r) in the neighborhood of A1A3 and A2A4 the 
associated inscribed rhombs change continuously. This in connection with 
the foregoing results leads to 

Theorem II. If for a certain inscribed rhomb only one of the Jacobians, 
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say Ji, vanishes, then the inscribed rhombs in the neighborhood of the given 
rhomb are continuously connected, and are either infinitesimal dilatations or 
rotations, or combined infinitesimal dilatations and rotations of the original 
rhomb, with A 4 stationary. 

7. In the system of equations (2) we may also consider Zs, Zi, z\ success- 
ively as the independent variables. Supposing that none of the ^'{Zi), 
i = 1, 2, 3, 4, vanish at the vertices of the rhomb, which, by properly 
choosing the coordinate axes, does not imply loss of generality, the vanish- 
ing of the corresponding Jacobians is equivalent to 



(16) 





1 1-1 




/3 = 


Wl4 TOi — TO2 

a m-J} a 


= 0, 


a{2mi — m-i — m^ -|- biyrixm^ — m^m^ = 0, 




1 1 1 




J^^ 


mz mi mi 
— mzb a mib 


= 0, 


a{mz — mi) + b(mim4 — 2mimz + minii) = 0, 




- 1 1 1 




Ji^ 


— m2 mz m 
a — mzb a 


. =0, 



or 

(17) 



(18) 



or 

(19) 



(20) 

or 

(21) o(m2 + mi — 2TO3) + bim^mz — mzm^) = 0. 

The problem now is to find the geometrical meaning of the simultaneous 
vanishing of two Jacobians, for instance 

Ji = and Jz = 0. 

Eliminating a and b between the two equations we find as a necessary 
condition 

(22) (mi — m2)[4:mimz — {mi + mz)(m2 + mt)] = 0. 

The three cases must therefore be considered 

(1) TOi = TO2, 

(2) Amimz — (mi + mz){m2 + m^ = 0, 
each of these vmder the exclusion of the other, and 

(3) the existence of (1) and (2) simultaneously. 
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1. If in J4 = (7) we put m2 = TOi, it reduces to 

(23) (a + 6mi)(mi - ma) = 0. 
Similarly J3 — reduces to 

(24) (a + bmi)(mi - nii) = 0. 

As nil = vti = ms = THi would involve the existence of (2) we exclude this 
possibility at present. Hence we have as a necessary and sufficient con- 
dition for the simultaneous equations J4 = 0, J3 = in case (1) 



(25) 



Ml = nii = ~ T • 



As this condition is otherwise independent of any particular values of Wa 
and rriA, it follows that A3 and A 4 are both stationary and the tangents at 
Ai and Ai, Fig. 2, are parallel and are at right angles to the sides AiA^ 




A, X 



and ^2^3. The tangents TJt and T^R to the corresponding medians at 
R and accordingly these themselves intersect at R. The case where Ti, 
R, Ti are collinear will be taken up under (2). We can therefore state 
Theorem III. The rhombs in the neighborhood of AiAjAtAt in case (1) 
form a continuous set and the transformation corresponding to this set consists 
of an infinitesimal rotation of Ai and Aj about At and A3 o« instantaneous 
centers. 
(2) 4mim3 — (wii + mz){mi -{■ m^ = 0. 

In this case the tangents at Ai and A3 intersect in a point Ti, those at A 2 
and A 4 in a point Ti, such that Ti, R, Ti are collinear, Fig. 3. To prove 
this, from the equations 

y = mi{x — a), y — b = m-tx, y = mz{x + a), y -\-b = mtx 
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of the tangents at Ai, A2, A3, A4, the coordinates of Ti and T2 are found for 



and for 



^ f mi + wis 2m, 

Tt 1 a , a — 

[ mi — mz' mi — 



mz 
mj 




Fig. 3. 



The condition for the collinearity of Ti, R, Ti is 



mi + m3 2miin3 , 
a— r^ o— :— 1 



mi — mz 



mi — mi 







mi — mz 

1 

mi — mi 

1 



0, 



which reduces to 



4miW3 — (mi + m^{mi + mi) = 0, 



which clearly is identical with (2). Conversely it follows easily that when 
the slopes satisfy this condition, the points, Ti, R, Tt are concurrent. 

As TiR, TiR are the tangents to the medians through R, the latter must 
he tangent at R. In the continuous changes of the medians in the neighbor- 
hood of R, a tangency arises by the coincidence of two points of inter- 
section. Geometrically case (2) is therefore equivalent to the coincidence of 
two inscribed rhombs with parallel axes, and there exists continuity of con- 
nection of the inscribed rhombs in the neighborhood of the given rhomb. The 
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infinitesimal transformation consists of a dilatation in the direction of the 
axes of the rhomb and a translation along the line of collinearity of Ti,R and T^. 

It is of course possible that T\ and Ti coincide at a point T. If this 
point is infinitely distant, then mx = m-i = mz = m^; the four tangents 
are parallel. The coexistence of (1) and (2) is equivalent to two parallel 
tangents at Ax and Ai and coUinearity of Ti, R and Tt, so that case (3), 
except when mi = mj = Ws = m^,, does not yield anything new. 

In a similar manner as in case of J4 = 0, J3 = 0, we find for the simul- 
taneous vanishing of any other two of the four Jacobian expressions, J, = 
and Jjfc = 0, the necessary condition 

(26) (my — m0[4mim3 — (mi + m^{mi + m^\ = 0, 

where my and m* are the slopes of the tangents at the points Ay and Ah 
which with Ai and Ah form the rhomb. 

If in addition to (26) J,- = 0, then also Ji = 0. Furthermore, the 
collinearity of Ti, U, T^ in connections with J". = also makes the three 
other Jacobian expressions vanish. Hence the 

Theorem IV: If the points Ti, R, Ti are collinear, in other words, if 
the two msdians associated with the directions parallel to the axes of a rhomb 
inscribed to an ordinary closed curve touch each other at the center of the rhomb, 
then all Jacobians defined in connection with the system of functions (2) 
vanish simultxmeously with the system if one of the Jacobians vanishes. 

8. In general, when no particular assumptions about the functions <f>{t) 
and rp(t) are made, the system of equations (2) and any of the Jacobians,^ 
like (4), vanish simultaneously for a finite number of sets of values Zi, Za, 
Zi, Zi and if no other Jacobian vanishes for any of these sets, then there 
exists for every corresponding rhomb the condition stated in theorem II. 
If in addition another Jacobian vanishes, then all other Jacobians vanish, 
when the points Ti, R, T2 are coUinear, as stated in theorem IV. When 
only two Jacobians vanish simultaneously with (2), theorem III results. If 
for an inscribed rhomb the points Ti, R, T2 are collinear and none of the 
Jacobians vanish, then the rhombs in the neighborhood of the given rhomb 
are also continuously connected. This corresponds to the case in which 
two points of intersection of the medians associated with two orthogonal 
continuously changing directions coincide. 

Univebsitt or Ilxjnoib, 
May, 1913. 



